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A Relaxation and Rectification (ReCR) Framework
for Systems with Linear and Complementary
Constraints: Theoretical Foundation, Algorithms
and Numerical Experiments

Wissam AlAli - Xin Jiang - Jiming Peng

Abstract Systems defined by linear and complementarity constraints (SLCCs)
arise frequently in engineering, economics, and other related fields. They also
appear in the optimality conditions of many challenging optimization models,
such as bilinear optimization and linearly constrained quadratic optimization.
It is known that finding a feasible solution to an SLCC is NP-hard in general.
In this paper, we study the feasibility problem for a given SLCC: either find
a feasible solution or determine that the system is infeasible. To this end, we
introduce a universal relaxation theory (URT), which reformulates SLCC fea-
sibility as an equivalent bilinear optimization problem with linear constraints
in a lifted space. We then analyze the resulting bilinear model and derive
necessary and sufficient optimality conditions for its global solutions. Based
on these theoretical insights, we introduce a relaxation-rectification (ReCR)
framework for finding a feasible solution to a given SLCC instance or certify-
ing infeasibility. We develop several ReCR methods that differ in their working
spaces and subproblem formulations and analyze their convergence properties.
We also develop a numerical procedure for obtaining an infeasibility certificate
when the ReCR methods do not find a feasible solution.

We conduct numerical experiments to evaluate the reliability, robustness,
and scalability of the proposed ReCR methods and compare them with existing
SLCC solvers. On the tested small- and large-scale LCP instances from the
literature, the proposed ReCR methods typically find feasible solutions in a
few iterations. We also extend the benchmark with more challenging medium-
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scale SLCC instances, on which the proposed hybrid ReCR (H-ReCR) method
exhibits promising performance.

Keywords Systems with linear and complementary constraints (SLCC),
bilinear optimization, universal relaxation theory, rectified convex relaxation

(ReCR).

1 Introduction

In this paper, we consider the following system with linear and complemen-
tarity constraints (SLCC):

Mz+Qz—r>0, Ax+ Bz =b; (1a)
' (Mz+Qz—7r)=0, z,2>0 (1b)

with variables x € R™ and z € R™. Here M € R"*" @Q € R**™ A € RP*",
B € RP*™ are matrices, and r € R™, b € RP are vectors. SLCC (1) arises
in various engineering applications [11, 16, 32]. It appears in the optimality
conditions of several important classes of challenging optimization problems
such as bilinear optimization and bilevel optimization, linearly constrained
quadratic optimization (LCQO) and optimization problems with cardinality
constraints [20, 32, 39, 55]. As such, SLCCs can also serve as building blocks
in the development of solution methods for these models. It has been shown
that finding a feasible solution to an SLCC is NP-hard in general [32, 45].

An SLCC can be reformulated as a specific LCQO, so methods such as al-
ternative direction methods (ADM) [7, 33, 43], interior-point methods [2, 53]
and the D.C. programming methods [30, 34] can be used to solve the reformu-
lated LCQO. However, due to the nonconvexity of the objective function, these
methods generally guarantee only stationarity for the reformulated LCQO; re-
covery of a solution to the original SLCC typically requires additional assump-
tions on the data matrices. For additional studies on stationary-point methods
for optimization problems with linear and complementarity constraints, we re-
fer to [37, 39, 44, 49, 54, 52] and the references therein.

Another popular approach for SLCCs is to reformulate the complementar-
ity conditions as a system of nonsmooth equations and then apply algorithms
for solving such systems. These include Lemke’s pivotal method [35], the it-
erative projection method [28], and path-following methods [18, 19]. These
methods can be effective for feasible SLCCs when the data matrices satisfy
suitable assumptions. Alternatively, an SLCC can be cast as a nonconvex opti-
mization problem in which the objective function is defined by a merit function
associated with the equation system [14, 16, 19, 24]. Most conventional opti-
mization methods generally guarantee only convergence to a stationary point
of the merit-function problem [7, 32],while convergence to a feasible solution
of the original SLCC requires additional assumptions on the data matrices
[14, 16, 19, 24]. However, it is unclear how to extend such results to generic
SLCCs. In principle, the complementarity conditions in SLCCs can also be
modeled using binary variables [32, 55], so global optimization methods for bi-
nary optimization, such as branch-and-bound methods, can be applied to solve



ReCR Framework for SLCC 3

SLCCs [51, 47]. As pointed out in [55], such global optimization methods are
often not scalable for large-scale instances.

In the past two decades, the field of optimization has gone through excit-
ing developments. Various approaches based on conic optimization relaxations
have been proposed to find high-quality approximate solutions or tight bounds
for challenging optimization problems [2, 38]. Several effective approaches for
convex optimization, such as ADMs [7] and first-order methods (FOMs) [6],
have been developed. Under appropriate assumptions, such methods have well-
established convergence guarantees for convex optimization problems [6, 7].
This motivates the question of whether convex relaxation models can be com-
bined with efficient solution methods to find a feasible solution of an SLCC or
certify its infeasibility.

The main difficulty in addressing an SLCC lies in handling its complemen-
tarity conditions. To reduce this difficulty, one may relax the complementarity
conditions in (1) to obtain a linear feasibility problem that can be solved effi-
ciently. One benefit of this relaxation is the flexibility to choose an objective
function, which allows us to extend the working space by introducing parame-
ters in the objective function. This leads to the following question: does there
exist a linear objective function such that the resulting linear optimization
problem has an optimal solution from which one can recover a feasible so-
lution of the original SLCC (1), or certify that no such solution exists? An
affirmative answer to this question would provide a theoretical foundation for
a framework that seeks such a desirable objective function. The first objective
in this paper is to develop a theoretical framework, called universal relaxation
theory (URT), to establish the existence of such a desirable linear objective
for SLCC (1).

Second, we consider how to identify such a desirable linear objective func-
tion, which leads to an equivalent bilinear optimization problem with linear
constraints. Various approaches have been proposed for bilinear optimization
[6, 26, 33, 30, 53]. These methods typically generate sequences converging to
stationary points or partial optima of the underlying bilinear problem; global
optimality generally requires additional assumptions on the data matrices. Re-
call that the necessary and sufficient optimality conditions for global solutions
play an important role in the design and analysis of algorithms for global
optimization. The second objective of this paper is to explore the resulting
bilinear optimization problem and derive necessary and sufficient conditions
at its global optimal solution. Then, based on these theoretical insights, we in-
troduce a relaxation-rectification framework for solving the associated bilinear
reformulation. The framework, called relaxation-rectification (ReCR), works
as follows. At each iteration, ReCR solves a relaxed LO or a relaxed convex
QO. Based on the optimal solution of the current relaxation model, we then
rectify the objective function and solve a new relaxed optimization problem
with the rectified objective. This process is repeated until a stopping criterion
is met.

We introduce three ReCR variants. These variants differ in their work-
ing spaces, subproblem formulations, and objective-update schemes; we call
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them primal-dual ReCR (PD-ReCR), primal ReCR (P-ReCR), and rectified
quadratic relaxation (ReQR). In particular, P-ReCR and ReQR work in the
original variable space but solve different relaxation models (LO and QO).
Since the feasibility/infeasibility detection of an SLCC requires a highly ac-
curate solution to the underlying bilinear model and P-ReCR is a first-order
method that may have difficulty in obtaining such a highly accurate solution
to the reformulated bilinear model, we also introduce a hybrid variant (H-
ReCR) that combines P-ReCR with ReQR . to find a highly accurate solution
to the bilinear model. We analyze the convergence properties of these ReCR
approaches under stated assumptions.

We conduct numerical experiments on various SLCC instances and com-
pare the proposed ReCR approaches with several existing solvers, including the
PATH solver [18], Lemke’s pivoting method [35] and a path-following method
based on the Fischer-Burmeister reformulation [22]. Specifically, we assess the
reliability and robustness of the proposed ReCR approaches using a bench-
mark of ten small-scale LCP instances from the literature with different ma-
trix structures and right-hand-side vectors. We also test scalability on several
large-scale LCP instances with structured sparse matrices. The results show
that the proposed ReCR approaches find feasible solutions for all tested LCP
instances from the literature in few iterations. Motivated by these results, we
combine randomization with deterministic construction rules to generate syn-
thetic SLCC instances, including infeasible instances with feasible relaxations
and instances with nonconvex solution sets. These synthetic instances extend
existing SLCC benchmarks and support the further development of solution
techniques. The results show that the proposed ReCR approaches find feasible
solutions for the feasible SLCC instances in the extended library and provide
infeasibility certificates for the infeasible instances.

The paper is organized as follows. In Section 2, we introduce the universal
relaxation theory for LCPs and use it to reformulate a given LCP as an equiv-
alent bilinear optimization problem. We also analyze the resulting bilinear
model and derive necessary and sufficient optimality conditions for its global
solutions. In Section 3, we introduce three ReCR variants for generic LCPs,
primal-dual ReCR, primal ReCR, and rectified quadratic relaxation (ReQR),
and investigate their convergence properties. We also introduce a procedure
for checking infeasibility when ReCR does not find a feasible LCP solution.
In Section 4, we extend P-ReCR and ReQR to generic SLCCs. In Section 4,
we evaluate the performance of the proposed ReCR approaches on SLCC in-
stances from the literature and on synthetic instances generated in this work.
Finally, Section 6 concludes the paper and discusses future research directions.

2 New Theoretical Results for Linear
Complementary Problems

In this section, we introduce some new theoretical results that form the theo-
retical foundation for the new ReCR framework for LCPs. The section consists
of two subsections. In the first subsection, we introduce the universal relaz-
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ation theory (URT) for LCP, which shows that we can address the feasibility
issue of an LCP by solving an equivalent bilinear optimization problem. In the
second subsection, we recast a given LCP as an equivalent bilinear optimiza-
tion model and explore the constructed bilinear model to derive necessary and
sufficient conditions for its global optimal solutions.

2.1 Universal Relaxation Theory for LCP
For simplicity, we first consider the following LCP:

Mz >, x >0, 2T (Mz —7r)=0. (2)

Solving model (2) is NP-hard [11, 32]. We observe that the main difficulty in
solving an LCP lies in the complementary constraints. A common strategy in
handling non-convex constraints is to relax these hard constraints as convex
ones. On the other hand, we have the freedom to choose the objective function
in the following LO:

min ¢’z (3a)
st. Mx>r, z>0. (3b)

Two natural questions arise:

Q.1: Does there exist a vector ¢ such that the optimal solution of model (3)
is a feasible solution to the original LCP?

Q.2: If the answer to Q.1 is “yes”, how can we find such a desirable objec-
tive function?

In what follows, we try to address these two questions. First, we will develop a
new theory, called universal relaxation theory, which shows that if the under-
lying LCP is feasible, then there does exist such a desirable objective function.
To establish the URT for model (3), we consider its dual as follows:

max rly (4a)
st. MTy<e, wy>o0. (4b)

Let Xrcp denote the solution set of problem (2). We assume that problem 3
is feasible; otherwise we can conclude that X,cp is empty. We have

Theorem 2.1 Suppose that problem 3 is feasible. X1,cp is nonempty if and
only if there exists some vector ¢ under which there exists a primal-dual pair
(z¢,y°) of the optimal solutions to problems (3) and (4) respectively such that
the following inequalities hold

xf <vys, VieI={1,2,---,n}. (5)

Proof The sufficiency of the theorem follows directly from the duality theory
for LO. It suffices to prove the necessity part of the theorem. Since X cp is
nonempty, we can choose an arbitrary x* € Apcp and define

c=M"z". (6)
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Let y* = x* be the vector of the dual variables in (4). It is easy to see that y*
is a feasible solution to (4) and ¢?'z* = rTy*. Therefore, z* and y* are optimal
solutions to (3) and (4) respectively. This completes the proof of Theorem 2.1.

We remark that Theorem 2.1 not only establishes an intrinsic relationship
between the set A,cp and the primal-dual pair of optimal solutions to prob-
lems (3) and (4), but also provides theoretical insight to help design effective
algorithms to identify a desirable vector ¢ under which we can construct a
feasible point in Apcp from the optimal solution of problem (3), or deter-
mine it is impossible to do so. We next present a technical result, which is a
generalization of Theorem 2.1.

Corollary 2.2 Xpcp is nonempty if and only if there exists some vector c
under which there exists a primal-dual pair (x¢,y°) of the optimal solutions to
problems (3) and (4) respectively such that the following inequalities hold

xf <71y, VieI={1,2,---,n} (7)

for some T > 0.

We remark that such a generalization can facilitate the design of the learning
scheme. This is because the ideal case 7 = 1 in Theorem 2.1 holds only when
z* is known a prior. Unfortunately, «* is usually unknown in advance. Instead,
we know only some vector ¢ and the optimal solutions to model (3) and its
dual denoted by z¢ and y°© respectively. On the other hand, we observe that
the optimal solution to model (3) is invariant under vector scaling, i.e., if we
scale the vector ¢ to 7c¢ for arbitrary 7 > 0, then the optimal solution to the
scaled model (3) remains the same while the optimal solution to the scaled
dual problem will be changed to 7y*. This shows that if the inequalities (7)
hold, then we can scale the vector ¢ to 7c so that the inequalities (5) hold at
the optimal solutions to the scaled model and its scaled dual.

Alternatively, we can reformulate a given LCP as the following quadratic
optimization problem:

min  fy(z) =2 Mz —rTx (8a)

st. Mz>r, z>0. (8b)

The QO model (8) can be viewed as a restricted reformulation obtained by
choosing the objective vector as ¢ = M 7Tz in the bilinear optimization model
(10). The great flexibility in the selection of ¢ in model (3) facilitates the
design of new ReCR approaches for the original LCP. Specifically, the so-
called rectified quadratic relaxation (ReQR) approach amounts to the well-
known D.C. program [30] for (8). Another equivalent reformulation casts a
given LCP as the following system of non-smooth equations:

¢(x) = min(x, Mz —r) = 0. (9)
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2.2 A bilinear optimization model for LCP and its properties

Based on Theorem 2.1, we propose to solve the following bilinear optimization
problem

min Tz —rTy (10a)
st. Mx>r, MTy<cg (10b)

where the decision variables are ¢, z,y. We refer to (10) as the bilinear opti-
mization (BLO) problem. For a fixed vector ¢, (10) reduces to a linear opti-
mization problem in variables (z,y); we denote this fixed-c linear optimization
problem by LO(c¢). As shown in the following proposition, solving the BLO
model (10) can help us either find a feasible solution to the original LCP
model (2) or determine it is infeasible.

Proposition 2.3 Suppose that model (10) is feasible. Let (c¢*,z*,y*) be the
global optimal solution to problem (10). If (c*)Ta* —rTy* = 0, then z* is a
solution to model (2). If (c*)Ta* —rTy* > 0, then model (2) is infeasible.

Note that due to the bilinearity of the objective function in (10), it is
still challenging to locate its global optimal solution. As pointed out in the
introduction, though numerous optimization methods such as the successive
linear optimization approach and the D.C. program can be applied to solve
(10), these algorithms can only find a stationary point that may not be the
global optimal solution to model (10).

Next, we explore properties of the linear optimization problem, denoted by
LO(c), obtained from (10) after fixing c. The dual of LO(c) is

max rlv—clu (11a)
st. Mu—s>r, MTv—s<g (11b)
u,v,s > 0. (11c)

Recall that for a feasible and bounded linear program, there exists a primal—-
dual pair of optimal solutions that satisfy strict complementarity. For fixed ¢,
let (z¢,y¢) and (u®, v, s¢) denote a strictly complementary primal-dual op-
timal solution of LO(c) and its dual (11), respectively. Then the following
conditions hold for every i € 7

)it =0, af + e — (MT0); + 52 > 0;
Jivi =0, v + (Mz); —r; > 0;

(Mu® — s —r)ys =0, yi + (Mu® —s°—r); > 0;
Jiug =0, uf +¢; — (MTy°); > 0;
)is§ =0, yi —af + s> 0.

From the above optimality conditions, if z§¢ > 0, then (MTv¢); — s¢ = ¢;, and
hence s¢ = (MTv¢ — ¢);. For indices with x¢ = 0, the value of s¢ may not be
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uniquely determined by these conditions. In what follows, we select a strictly
complementary primal-dual optimal solution for which the slack vector s is
represented as

5¢ = max(MTv¢ — ¢,0). (13)

This selection is used in the subsequent analysis. Similarly, we can also con-
clude that (Mu®—r); = s{ whenever z{ > 0. Therefore, we derive the following
equivalent form for s¢:

s¢ = diag (max(Mu® —r,0)) - sign (), (14)
where sign (2°) is the sign function defined by

sign (), — 1 if zf > 0;
& ©t7 10 otherwise.

Now we state conditions, expressed in terms of the fixed-¢ LO pair LO(c)—
(11), under which the corresponding solution z¢ solves the original LCP.

Theorem 2.4 For fized ¢, suppose that LO(c) and its dual (11) are feasible.
Let (z°,4°) and (u®,v°, s%) be a strictly complementary primal-dual optimal
solution of LO(c) and (11), respectively. Then s¢ can be set as

s¢ = max(MTv° — ¢,0).

Moreover, x¢ € Xycp if and only if at least one of the following two conditions
is satisfied:

(i): Ta —rTye = cTu® —rToc =0;  (ii): 5= 0.

Proof We need only to prove the conclusion (ii). For this, we first observe that
from the optimality of (u®,v¢, s¢) we obtain

rTve — cuc >0,

and the equality holds whenever s = 0. This completes the proof of the
theorem.

We remark that to the best our knowledge, this is the very first time that
different sufficient and necessary conditions for the global optimal solution to
some non-convex bilinear optimization problem are reported in the literature.
We also observe that the second condition is derived from the optimal solution
of the dual problem (11). It is worth mentioning that s¢ is similar to the loss
function in supervised learning. However, unlike in supervised learning where
the loss function can be computed easily, we need to solve some LO first to
compute the loss vector s¢. Theorem 2.4 suggests two possible strategies for
driving the bilinear model (10) toward an LCP solution: one may directly
reduce the bilinear objective ¢’x — rTy, or for fixed ¢, reduce the loss e”'s
obtained from the dual solution of LO(c). A key issue is how to update the
vector ¢ using the obtained partial optimal solution to ensure the convergence
to the global optimal solution of the original bilinear optimization model.
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3 Rectified Convex Relaxations for LCP

In this section, we introduce three different methods for LCPs and study their
convergence properties.

3.1 The primal—-dual rectified convex relaxation

In this subsection, we present a specific variant of ReCR which works as fol-
lows. We first solve problem (11) with fixed ¢ and obtain its optimal solution
(u®,v¢, s¢). Then, we first try to rectify the vector ¢ via the following scheme:

ct =c+ s (15)

Then we resolve the LO model (11) with ¢ = ¢™. We can repeat such a process
until some stop criteria is met. Since at each iteration, we solve some LO
problem which involves both problem (3) and its dual, thus we call it primal—-
dual ReCR or PD-ReCR. It should be pointed out that the rectification scheme
¢t = c+5¢is very similar to the RELU activation function widely used in deep
learning. The scheme can also be viewed as a backward propagation algorithm
based on the optimality condition s¢ =0 as (u¢,v<,0) is a feasible solution to
the following rectified model.

max rlv— (cM)Tu (16a)
st. Mu—s>r, MTv—s<ch; (16Db)
u,v,8 > 0. (16¢)

It follows immediately

Theorem 3.1 Let (ut,vt,st) be the optimal solution to model (16). Then
it holds
rTot — (cM)Tut >0,

and the equality holds if and only if u® is a feasible solution to the original
LCP (2).

Define

fpale,u,v) = rTov —clu.

Let (u¢,v¢, s¢) and (u™,vT,sT) denote the optimal solutions to models (11)
and (16) respectively. Based on Theorem 3.1, we can claim that the update
from c to ¢T is successful if the following inequality

fpd(c+vu+vv+) < fpd(cv ucvvc)a (17)

holds. However, as shown in the following theorem, sometimes inequality (17)
may not hold.

Theorem 3.2 Let (u¢,v¢, s¢) and (u™,v",sT) be the exact optimal solutions
to models (11) and (16) respectively. Then u® = u™ if and only if s° = s,
i.e., u€ is also the optimal solution to the following LO

min  u’'s° (18a)

st. Mu>r, u>0. (18b)
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Proof We first prove the sufficient part of the theorem. If u¢ is the optimal
solution to problem (18) and let ¥ be the optimal solution to its dual, then
one can easily verify that (u¢,v¢ 4+ ©,s) is the optimal solution to problem
(16). To prove the necessity of the theorem, we first observe that from (14),
we can conclude that s¢ = st if u¢ = uT. On the other hand, suppose that u¢
is not the optimal solution to problem (18), then there exists u satisfying the
following relationships:

al's¢ < (u)Ts¢, Ma>r, a@>0.
Combining the above relationships with the convexity of the objective func-
tion in model (16), we can conclude that u® # u™*, which contradicts to the
assumption u¢ = uT. This completes the proof of the theorem.

Theorem 3.2 not only presents a scenario where inequality (17) does not
hold, but also indicates that the current iterates are optimal for the fixed-c
LO pair LO(¢)—(11). Under such a circumstance, one can easily see that the
pure ReCR process won’t be able to improve the quadratic objective function
uT(Mu —7r) or 2T (Mx — 7).

For illustration, the basic scheme of PD-ReCR is described below.

Primal-dual ReCR for LCP

Input: M, r, stop criteria € > 0, maximum iterations K;
Step 0. Initialization:
Step 0.1. Set k =0, ¥ =1;
Step 0.2. Solve problem (3) to obtain z*;
Step 0.3. If problem (3) is infeasible
The LCP is infeasible;
End if
Step 0.4. Update k = k + 1;
Step 0.5. Set ¥ = MTgk-1
Step 1. Solving process
Step 1.1. Solve problem (11) with ¢ = c* to obtain (u®,v*, s*);
Step 1.2. Update k = k + 1 and update c* using (15);
Step 1.3. Solve problem (11) with ¢ = c* for (u¥,v*, s*);
Step 1.4. If ||u® — uF=1|| > € then %o to Step 1.2;
Step 2 Solve LO(c ) and let ( be the optimal solution. Output
x* = z¥ after the feasibility check

We next study the convergence of the PD-ReCR. We have

Theorem 3.3 Suppose that the LO subproblem (11) at every iteration of PD-
ReCR is solved exactly with ¢ = 0. If the sequence {c*} generated by PD-ReCR
is bounded, then every accumulation point (c*,u*,v*) of the sequence is the
global optimal solution of problem (10) and x* € XLcp.
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Proof We first point out that in PD-ReCR, the sequence {c*} is increasing in a
monotonic manner. If it is bounded above, it must converge to its accumulation
point ¢*. Now let consider the following LO

max r1v— (¢)Tu (19a)
st. Mu>r, MTv<c (19Db)
u,v > 0. (19¢)

Let (uj,,v;;) denote the optimal solution of the above model and (z*,y*) the
optimal solution to model (10) with ¢ = ¢*. From the duality theory of LO we
can conclude that

0 = rTof, — () uf, < 17" — ()Tu" < (@*)Ta" - rTy" <0,
where the first inequality follows from the fact that model (11) is a relaxation
of model (19). This completes the proof of the theorem.

Theorem 3.3 shows that PD-ReCR can find a feasible solution to LCP with
arbitrary matrix M under the assumption that the generated sequence {c*}
is bounded. Next we investigate the convergence behavior of PD-ReCR when
{c¥} is unbounded. Let ¢® = ¥ /||c¥||. We consider the following scaled model:

T
max ﬁ — (@) Tu (20a)
C
MTy —
st. Mu—s>r, HZII i < (20b)
C
u,v,5 > 0. (20c)

Let consider an accumulation point of the sequence {¢"}. W.lo.g., we assume
that

c= kh—>nolo .
Since {c*} is increasing, thus we can conclude that & > 0. Let o = ”C’L”. Using
asymptotic analysis, we can consider the following LO:
max rlo—clu (21a)
st. Mu—s>r, MTo<g (21b)
u,v,s > 0. (21c)

Let Z be the optimal solution to model (3) with ¢ = ¢ and § be the optimal
solution to its dual problem (4). One can easily verify that the optimal solution
to model (21) can be obtained at @ = &, v = y. Therefore, it holds ¢/u = r7v.
From the above discussion it follows

Theorem 3.4 Suppose that the LO subproblem (11) at every iteration of PD-
ReCR is solved exactly with ¢ = 0. If the sequence {c*} generated by PD-ReCR
is unbounded, then every accumulation point of the scaled sequence (2%, u”, v%)
is the global optimal solution of problem (21) where the optimal objective func-
tion value equals 0.
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Theorem 3.4 establishes the convergence of the generated sequence pro-
vided from PD-ReCR when the sequence {c*} is unbounded. One interesting
question is whether we can identify such a scenario in advance so that we can
terminate the algorithm early. In what follows, we present a sufficient condi-
tion under which PD-ReCR will generate an unbounded sequence {c*} while
the sequence {u*} (or {z*}) remains invariant. From Theorem 3.2 it follows

Corollary 3.5 Let (u*,v*,s*) be the optimal solution to model (11) at it-
eration k. Then u* = u**1 if and only if u* is the optimal solution to the

following LO

min ul sk (22)

S.t. Mu>r, u>0,
and s* = s**1. Furthermore, if u* = u*+1, then
uFr =k, M =P Yk >k

Corollary 3.5 presents a sufficient condition under which the sequence {c*}
generated by PD-ReCR is unbounded while the sequence {(u*,s*} remains
invariant for sufficiently large k. Based on such a sufficient condition, we should
terminate the algorithm whenever the equality u* = u**! holds, as continuing
the PD-ReCR can not help to find a feasible solution to the underlying LCP.
Under such a circumstance, we can solve model (3) with ¢ = c* to obtain a
partial optimal solution.

We point out that though we have established the convergence of the basic
PD-ReCR algorithm, it is possible that PD-ReCR may provide only a partial
optimal solution to the bilinear model (11) that is not necessary a feasible
solution to the original LCP. On the other hand, PD-ReCR works in the
primal-dual setting and thus is not effective from a computational perspective.
In the next subsection, we will introduce a new variant of ReCR to address
these concerns in PD-ReCR.

3.2 Rectified relaxation in the primal space (P-ReCR)

In this subsection, we introduce a new variant of ReCR that works in the
primal or (2-) space. To start, we mention that one potential setback in PD-
ReCR is that we need to solve problem (11) to rectify the vector c. Note
that solving problem (11) is more time-consuming than problem (3), due to
the increase in the number of decision variables. It is desirable to rectify the
vector ¢ using only the information from the optimal solution of problem (3).

Let (u®,v°) be the optimal solution to problem (11). Then one can see
that u¢ is also a feasible solution to problem (3). Moreover, the rectification
direction s¢ in PD-ReCR can also by defined by (14). Let 2P be the optimal
solution to problem (3). Let

I8 ={i €T a? > 0,(MaP); >}, I3 ={i€ZT:al =0},
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Based on the above observations, we propose to use the following rectification
direction

(23)

7

o J[Ma? =] ifie 7%’
0 otherwise.

when only information from the optimal solution of problem (3) is available.
From the above definition it follows immediately

Theorem 3.6 The rectification vector sP > 0 and sP = 0 if and only if xP is
a feasible solution to the original LCP (2).

We remark that the rectification vector sP enjoys similar properties as the
so-called merit functions for complementary problems [16, 22, 24]. However,
the derivation of these functions are very different. Most existing merit func-
tions are constructed based on the component-wise complementary conditions,
while the rectification functions in this paper are derived based on the opti-
mal solution to model (3). It should be pointed out that the mapping s? is not
continuous.
We next introduce a safe-guide direction defined by

o [IMTaPli+7 if i 18"
CT [M TP, if 2 > 0.

7

(24)

Here 7 is some penalty parameter to help keep the zero-valued elements at
the current point invariant at the next iteration. In numerical experiments, we
may choose 7 = 10. The above safe-guide direction is introduced to avoid the
unnecessary large parameters associated with the zero-valued elements of xP
that may be derived in some early stage of the ReCR process while allowing
the usage of the rectification step max(M7Tz?, c¢) within a certain range. It is
a minor modification of the search direction M7TzP as suggested in the URT
theory. Based on the above safe-guide direction, we propose to rectify the
vector ¢ via the following scheme:

¢t = min(é, max(M7aP ¢)) + 0sP, 6 € (0,1], (25)

where 6 is a parameter to maintain the balance between the safe-guide di-
rection and the rectification direction Then we resolve (3) with ¢ = ¢* and
denote its optimal solution by ™. Such a process is repeated until conver-
gence is reached. Since the new algorithm works in the primal z-space, we call
it primal ReCR or P-ReCR.

For simplicity of discussion, we assume # = 1 in the theoretical analysis
regarding P-ReCR. From the choice of sP, it follows immediately

Theorem 3.7 Let zP and x+ be the exact optimal solutions to models (3) with
vector ¢ and ¢t respectively. Then xP = x+ if and only if sP = s*. Moreover,
if *P = x¥, then 2P is also a stationary point of model (8).
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Proof The first conclusion of the theorem follows directly from the choice of
sP and st. To prove the second conclusion of the theorem, we observe that

ct=ct 4 c+2,

where
Al ¢ ifig I, 42 0 if i ¢ I,
i 0ifiezy. LT (MTaP); + st ifi e I

Similarly, we can also rewrite the objective function in (8) as

el (Mx —r) = Z xi(Mz —r); + Z x;(Mx —r);.

i€z’ ¢TI’
From the choice of P we obtain

Z 2! (MaP —r); =0,

igTy”

i.e., zP is the global optimal solution of minimizing Eing;p x;(Mz —r);. Now
recall that Ol (M )i
T T—=T)] 4o . P
T ¢ o, VieIy.
Combining the above relationship with the fact that =% is the optimal solution
to problem (3) with ¢ = ¢+, we conclude that 2P = zT is a stationary point
of the QO model (8).

Now we are ready to describe a slightly modified version of the basic P-
ReCR algorithm.

Primal ReCR for LCP

Input: M,r, 0,1, stop criteria € > 0, maximum iterations K;
Step 0. Initialization
Step 0.1. Set k=0, ¢* = 1;
Step 0.2. Solve problem (3) to obtain z*;
Step 0.3. If problem (3) is infeasible
The LCP is infeasible and stop;
Else If f,(2*) < € or ||¢(a%)| < € then
Go to Step 2;
End if
Step 0.4. Update k = k + 1;
Step 0.5. Set c¥ = MTxF~1;
Step 0.6. Solve problem (3) with ¢ = c* for *;
Step 0.7. If fq(z%) < € or [|¢(a*)|| < € then
Go to Step 2;
End if
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Step 1. P-ReCR process

Step 1.1. Update k = k + 1;
Step 1.2. Update c* by (25);
Step 1.3. Solve problem (3) to obtain z*;
Step 1.4. If f,(z%) < e or |[¢(a*)|| < € then
Go to Step 2;
End if
Step 1.5. If ||z* — 2%~1|| < € then
Step 1.6.  Go to Step 2;
Step 1.7. Else
Step 1.8.  Go to Step 1.1;
Step 1.9. End If
Step 2. Final Output and Feasibility Check.

We remark that scheme (25) is similar to the predictor-corrector method [40],
a special variant of interior-point methods for linear and conic optimization.
Like in the numerical implementation for predictor-corrector method, we also
choose 6 to be a small number # = 0.1 in the implementation of ReCR.

We next investigate the convergence of the P-ReCR with # = 1. For this,
we make the following assumption:

Assumption 3.1 The LO model (3) is strictly feasible.

We remark that the above assumption can be made w.l.o.g. To see this, we
observe that the issue of determining whether model (3) is strictly feasible can
be addressed via solving the following LO

max t
s.t. Mx—t1>r, >0, t>0.

Moreover, when model (3) is feasible but not strictly feasible, we can further
solve several LOs to identify the index set Z! such that the following equalities
are satisfied

(Mz —7); =0, VieT.

Under such a circumstance, the underlying LCP (2) can be further simplified.

Now we study the convergence behavior of P-ReCR. For this, we consider
an accumulation point of the sequence generated by ReCR. Since the optimal
solution to problem (3) is invariant for scaling the coefficient vector, thus we
can further assume c* is bounded. Let ¢ denote an accumulation point of the
scaled sequence c* and Z be the optimal solution to model (3) with ¢ = é.
W.lo.g., we assume

¢ = limc.
koo

Let Z be the optimal solution to model (3) with ¢ = & We say Z an non-
degenrate accumulation point if Z is a non-degenerate solution of model (3).
We have
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Theorem 3.8 Suppose that Assumption 3.1 holds. Then every non-degenerate
accumulation point of the sequence generated from P-ReCR is either a feasible
solution to the original LCP or a stationary point of the QO model (8) within
e-tolerance.

Proof Since T is a non-degenerate solution of model (3) with ¢ = ¢, from the
sensitivity analysis in [29] it follows immediately

z = lima”.
koo
Combining the above relationship with Theorem 3.7, we obtain the conclusion

in the theorem and thus the proof is completed.

We remark that the assumption that Z being a non-degenerate solution of
model (3) is rather mild. This is because in P-ReCR, we rely mainly on the
safe-guide direction, which increase the coefficient values associated with all
the nonbasic variables {z; : ¢ € Zp} so that all the nonbasic variables have
strictly positive reduced costs.

We next discuss how to obtain a certificate for the infeasibility of the
original LCP when the solution provided by P-ReCR is not a feasible solution
to the original LCP. For this, let define

f+:{iEIZJ_Zi>O, (Mi’*’l”)i>0}; j'OZI\f+

Let Zy = {i1,...,is}, where s = |Z;|. Observe that the complementarity
condition
z;(Mz—71); =0

is equivalent to the logical disjunction
x; =0 or (Mxz —1r); =0.

Therefore, every feasible solution to the original LCP must satisfy one com-
plementarity branch for every index ¢ € 7, .
For every binary vector

5= (61,...,05) € {0,1}*,

we define the following LP feasibility problem associated with one complete
complementarity pattern:

min 0 (26a)
S.t. Mz >r, x>0,
x, =0 if =0, f=1,...,s,
(Mx—1);, =0 if §; =1, {=1,...,s.
Since every feasible LCP solution must satisfy exactly one admissible com-
plementarity branch at each violated index, the original LCP is feasible if

and only if at least one problem (26) is feasible. This immediately yields the
following result.
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Proposition 3.9 If the original LCP is feasible, then there exists a binary
vector § € {0, 1}7+! such that the associate branch problem (26) is feasible. If
all the problems in (26) are infeasible, then the original LCP is infeasible.

Proof Suppose first that the original LCP is feasible. Then there exists a point
z* such that
Mz* >, x* >0,

and
xf(Mx* —r); =0, iel.

Since I, = {i € Z:7; >0, (Mz —r); > 0}, for every i € Z, the comple-
mentarity condition implies that at least one of the following two equalities
holds:

xf =0 or (Mz* —r); =0.

Define a binary vector § = (d;);ez, € {0, 132+ by

5 0 ifai=0,
1, if (Mat =) = 0.

Then z* satisfies the constraints of the corresponding branch problem (26).
Hence, the branch problem associated with § is feasible. The second conclusion
follows directly from the first conclusion in the proposition.

We remark that Proposition 3.9 provides a theoretical guarantee for infea-
sibility detection. In the worst case, this procedure may require solving up to
217+ LP feasibility problems. For computational consideration, we apply the
recursive disjunctive search only after a relatively small active set Z, has been
identified by P-ReCR.

Now we are ready to describe the detailed Step 2 in ReCR.

Step 2. Final Output and Feasibility Check

Step 2.1 If f,(z*) < e or ||[¢(z*)| < e then
Step 2.2 Output z* := z* as the final solution;
Step 2.3 Else _
For each ¢ € {0, 1}%+!
Solve problem (26) associated with the branch pattern d;
If problem (26) is feasible then
Output the current solution as the final solution;
End if
End For
If all the branch problems (26) are infeasible then
The original LCP is infeasible;
End if
Step 2.4 End If

We finish this subsection by showing how P-ReCR works for an instance
of infeasible LCP. Consider the following LCP instance:
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Example 3.1
11 1 —4
M=1|1-211], r=
11 -1 0

P-ReCR finds a solution #* = (0.5, 0, 0.5) " to model (3) in 4 iterations.
Since fy(z*) = 2.5 > 0, we need to check whether the underlying LCP is
infeasible. Note that we have

Hence, there exist two complementarity branch systems corresponding to
r, = 0
and
(Mz —1); =0.

By solving the two branch problems (26), we verify that both systems are in-
feasible. Therefore, Proposition 3.9 implies that the original LCP is infeasible.
This demonstrates that P-ReCR, has successfully detected the infeasibility of
the underlying LCP.

3.3 Rectified convex quadratic relaxation (ReQR)

We next introduce a new dynamic variant of ReCR which treats c as a vector
of parameters that may change in model (10). For this, we recall that from
the proof of Theorem 2.1, we can conclude that if the original LCP is feasible
and let 2* be a feasible solution to the underlying LCP, then ¢* = MTz*.
Motivated by this observation, we propose to replace the constraint M7y < ¢
in (10) by MTy < M7z, leading to the following LO:

min ¢’z (27a)
st. Mxz>r, MTy<M'x (27b)
<y, x,y=>0. (27¢)

We now discuss how to solve model (27). First, we observe that we can
rewrite the objective function in model (27) as (c—7)Tz+rT (z—y). Therefore,
we can solve model (27) via decomposing it into the following two smaller
models:

min  (c—r)Tx (28a)
st. Mx>r, z>0. (28b)
and
min 7 (x —y) (29a)
st. MT(x—y)>0, y—z>0. (29Db)

Note that model (29) needs to be solved only once at the very beginning.
Particularly, we have the following proposition.
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Proposition 3.10 If problem (29) is bounded, then it must have a trivial
optimal solution satisfying x = y. If problem (29) is unbounded, then the
original LCP (2) is infeasible.

Let ¢ be the optimal solution to problem (28). we propose to rectify the vector
c as below:

ct = MTae. (30)

One can easily verify that if the above scheme is adopted, then the dynamic
ReCR can be viewed as a specific method for solving problem (8). We can
rewrite the objective function in (8) as the following:
T T
M+ M
Mz —rTe = w —rTz.
Since for generic LCPs, the matrix M 4+ M” may be indefinite. Under such
a circumstance, problem (8) reduces to non-convex quadratic optimization
with linear constraints. One popular way to solve non-convex QO is the so-
called DC program [30]. Particularly, Thi and Dinh [34] developed various DC
approaches for LCPs. Following the ideas in [34], we can rewrite the objective
function in (8) as the following:
T M MT TM+ TM—
xt (M + )x_TTx:x T x—rTx,

2 2 2

where M+, M~ are two symmetric positive semi-definite matrices derived from
the singular value decomposition of the matrix M+M7 satisfying the following
property

Mt >=0,M" =0, MtTM~ =0.

Suppose that z* is available at iterate k, we then solve the following convex

QO

TM+
min % — (@M~ z —rTx (31a)
st. Mxz>r, xz>0. (31b)

Correspondingly, we call it Rectified Convex Quadratic Relaxation (ReQR).
Now we are ready to describe the ReQR for LCP.

Rectified Quadratic Relaxation for LCP

Input: M,r, stop criteria € > 0, maximum iterations K;
Step 0. Initialization
Step 0.1. Compute M+ and M~ using singular value decomposition;
Step 0.2. Set k=0, ¢* = 1;
Step 0.3. Solve problem (3) to obtain x*;
Step 0.4. If problem (3) is infeasible
The LCP is infeasible and stop;
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Else If f,(z*) < € or ||¢(a%)| < € then
Go to Step 2;
End if
Step 0.5. Update k = k + 1;
Step 0.6. Solve problem (31) to obtain its optimal solution z¥;
Step 0.7. If fq(z%) < € or [|¢(a*)|| < € then
Go to Step 2;
End if
Step 1. Solving process
Step 1.1. Update k = k + 1;
Step 1.2. Solve problem (31) to obtain z¥;
Step 1.3. If f(z*) < e or ||a* — 2F~1|| < € then
Go to Step 2;
Else
Go to Step 1.1;
Step 1.4. End if
Step 2. Final Output and Feasibility Check.

The following result follows from the convergence of DC program in [30, 34]
and thus its proof is omitted.

Theorem 3.11 Suppose that the QO subproblem at every iteration of ReQR
is solved exactly and ¢ = 0 and Assumption 1 holds. Then the sequence {z*}

generated by the ReQR is bounded and converges to a stationary point of prob-
lem (8).

We finish this subsection by introducing the hybrid ReCR (H-ReCR). First
we mention that though P-ReCR is globally convergent, we have observed in
numeric experiments that while P-ReCR can find a feasible solution to all the
LCP instances collected from the literature and most synthetic instances gen-
erated in this work, it struggled to either find a feasible solution or obtain a
certificate for the infeasibility for some SLCC instances with non-convex solu-
tion set. One possible reason for this phenomena is that P-ReCR is essentially
a first-order method. As pointed out in several studies [6, 7], even for convex
optimization problems, first-order methods may have a hard time to obtain
a solution with high accuracy. However, to determine whether a given SLCC
is feasible, we need to obtain a highly accurate solution to the constructed
bilinear model. To help obtain a highly accurate solution to the underlying
bilinear model, we propose to switch to the high-order ReQR method if one
of the following two thresholds

. Ja@)HITEL _ (o . Fa(@ D) HZE| — fo(a®)— 2%
PTG R [ Falab=1)+ 25|

<0.1%

is met, where the first threshold is defined by the absolute improvement rate
and the second threshold is defined by the relative improvement rate at itera-
tion k. In other words, whenever a good approximate but not highly accurate
solution is generated from P-ReCR, we switch to ReQR.
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Now we are ready to describe the H-ReCR for LCPs as follows.

Hybrid ReCR for LCP

Input: M,r, 0,7, stop criteria € > 0, maximum iterations K;
Step 0. Initialization
Step 0.1. Compute M T and M~ using singular value decomposition;
Step 0.2. Set k=0, ¢* = 1;
Step 0.3. Solve problem (3) to obtain z¥;
Step 0.4. If problem ( ) is infeasible
The LCP is infeasible and stop;
Else If f,(x ) < eor ||¢p(xF)|| < e then
Go to Step 3
End if
Step 0.6. Update k = k + 1, ¢¥ = MTak—1;
Step 0.7. Solve problem (3 W1th c=ck for xk
Step 0.8. If fq(z*) < e or [[¢(a*)|| < € then
Go to Step 3;
Else If p} < 0. 01 or Pk <0.01 then
Go to Step 2;
End if
Step 1. P-ReCR process

Step 1.1. Update k = k + 1, update c* by (25);
Step 1.2. Solve problem (3) to obtam z*:
Step 1.3. If fq(z*) < e or |[p(a®)]| <6then
Go to Step 3;
End if
Step 1.4. If p&, - < 0.01 or pF_, < 0.01 then
Go to Step 2:
Step 1.5. Else if ||z% — k- Y| < € then
Go to Step 3
Step 1.6. Else
Go to Step 1.1;
Step 1.7. End if
Step 2. ReQR process
Step 2.1. Update k = k + 1;
Step 2.2. Solve problem (31) usmg zF=1 to obtain z*
Step 2.3. If fq(z*) < e or [|¢(a*)|| < € then
Go to Step 3;
End if
Step 2.4. If ||z* — 2*~1|| < € then
Go to Step 3;
Step 2.5. Else
Go to Step 2.1;
Step 2.6. End if
Step 3. Final Output and Feasibility Check.
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4 Rectified Convex Relaxations for Generic
SLCCs

In this section, we extend the URT and two ReCR variants from LCPs to
the SLCC model (1). We denote the solution set of (1) as Xspcc. Our task
here is to extend the ReCR approaches to find a solution (z*, z*) € Xspcc or
determine the set Xspcc is empty.

To study feasibility of model (1), we temporarily fix vectors (cg,c,) and
consider the following LO model:

min iz +clz (

st. Mx+Qz>r (32b
Az + Bz =b (32¢
x,z > 0. (32d

The dual of the above problem reads as

max 7 u+bTv (33a)
st. MTu+ATv<ec, (33b)
QTu+BTv=c, (33¢)

u >0, v free. (33d)

Similar to Theorem 2.1, we have the following URT for SLCCs.

Theorem 4.1 The set Xsrcc @s nonempty if and only if there exist vectors
(cz,c2) such that the primal-dual pair (32)—(33) admits an optimal solution
(2, 2% uc,v°) satisfying ¢ < u® component-wise.

Proof The sufficiency part of the theorem follows directly from the duality
theory for LO. It remains to prove the necessity part of the theorem.

Suppose (z*,2*) € XsLcc. Choose ¢, = MTz*, and ¢, = QTz*. Then
(u*,v*) = (x*,0) is feasible for the dual problem (33). Moreover, since (z*)? (Mz*+
Qz* —r) = 0, it follows immediately ¢ x* + cL2* = rTz*. Hence, (z*, z*) and
(u*,v*) = («*,0) are primal-dual optimal for (32)—(33). This completes the
proof of the theorem.

Based on Theorem 4.1, we can address (1) through the following bilinear
optimization problem, in which (¢, c,) are also decision variables:

min  clz+clz—rTu—bTw (

st. Mzx+4+Qz>r, Av+ Bz=1b, (34b
MTu+ ATv < ¢y, QTu+ BTv=c,, (34c
z<u, r,z,u>0, v free. (34d

The following proposition is a direct consequence of Theorem 4.1.
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Proposition 4.2 Let (c&,ck, o, 2%, u*,v*) be a global minimizer of (34). If

xro Tz
c:T‘fE* + CZTZ* _ TTU* _ bT’U* _ O7
then (z*,2*) € XsLcc; otherwise, XsLcc = @.

Similar optimality conditions can be derived by fixing (¢, c,) in (34) and
analyzing the corresponding primal-dual LP pair. Yet for computational con-
sideration, we design SLCC ReCR methods using the optimal solution of the
primal LO model (32).

4.1 Primal rectified convex relaxation for SLCCs

An important step in the development of ReCR approaches is how to choose
the rectification vector. For fixed vectors (c,c.), let (aP,2P) be a optimal
solution of (32) satisfying strict complementarity. As in P-ReCR for LCPs,
define the rectification vector sP component-wise by

(Ma? +QzP —r); if 2 >0, (MaP +QzP —r); >0
P = (35)
0 otherwise.

~

We immediately have the following result.

Theorem 4.3 The rectification vector sP > 0 and s? = 0 if and only if (zP, 2P)
is a feasible solution to the original SLCC (1).

Like in the case for LCP, we introduce the following safe-guide direction for
SLCC:

o M )+ 7 ifieIg"
€= { (MTaP);  ifa? > 0. (36)
Then we propose to rectify the vector ¢ via the following scheme:

¢t = min(é, max(M7aP c,)) + sP. (37)

From the above rectification scheme and the choice of s?, it follows immediately

Theorem 4.4 Let (zP,2P) and (x%,z") be exact optimal solutions of (32)

with cost vectors (cz,c.) and (¢, ct), respectively. Then xP =z if and only

if sP = sT. Moreover, if P = T, then zP is also a stationary point of model
(38).

Proof The proof of the theorem follows a similar vein as that of Theorem 3.7
and thus the detail is omitted.

The new ReCR approach for SLCCs works as follows. First we use a similar

strategy like in P-ReCR for LCP to find a starting solution. Then we resolve

k .k

problem (32) using the rectified vector (c¢;,cy) and repeat the process until

a stopping criterion is met. Since this algorithm operates only in the primal
space, we name it primal ReCR for SLCC (P-ReCR-SLCC).

Primal Rectified Convex Relaxation for SLCC
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Input: M,Q, A, B,r,b,0, 7, tolerance € > 0, maximum iterations K;
Step 0. Initialization
Step 0.1. Set k=0, ¥ =1, ¢ = 0;
Step 0.2. Solve (32) with (c,,c.) = (c*,c¥) and obtain (2%, 2%);
Step 0.3. If problem 32 is infeasible then
The SLCC is infeasible;
Else if (xk)T£Mxk + Q2% —r) <eor|T,(aF, 2F)| =0, then
Output (2%, 2%) as the final solution;
End if
Step 0.4. Update k = k + 1;
Step 0.5. Set ¢k = MTxF=1 kb = QT2+,
Step 0.6. Solve (32) with (c}j,,c’j) to obtain (z¥, 2%);
Step 1. Solving process
Step 1.1. Update k = k + 1;
Step 1.2. Compute sP based on (35);
Step 1.3. Rectify the vector ¢ by 37;
Step 1.4. Solve (322 with (¥, c¥); obtain (2, 2%);
Step 1.5. If ||(zF, 2) — (xk_ﬁ,z%‘”‘_l)ﬂ > €, go to Step 1.1;
Step 2. Output (z*, z*) := (2%, 2¥) and check feasibility.

Next we study the convergence of P-ReCR-SLCC under the following as-
sumptions.

Assumption 4.1 The global optimal solution to
min ot (Mz + Qz — ) (38a)
st. Mx+Qz>r, Avr+Bz=b, z,2>0 (38b)
is bounded.
Assumption 4.2 For every cost vector ¢ > 0, the primal LO
min ¢’z (39a)
st. Mx+Qz>r, Avr+Bz=b, 2,2>0 (39Db)
is strictly feasible.

The following theorem can be proved via following a similar vein as in the
proofs of their counterparts Theorem 3.8 for LCP. Therefore, we omit the
detailed proofs here.

Theorem 4.5 Suppose that Assumption 4.2 holds. Then P-ReCR-SLCC ter-
minates, within e-tolerance, at either a feasible solution of the original SLCC
or a stationary point of the QO model.

Finally, we consider the scenario when P-ReCR-SLCC can only provide a
solution (x*, z*), which is not a solution of the original SLCC (1). Under such
a circumstance, we need to check the infeasibility of the underlying SLCC. Let

I, ={i€T|a}>0, (Mz*+Qz"—r); >0}, I,=TI\I,.
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Let Z, = {i1,...,is}, where s = |Z,|. Observe that the complementarity
condition
xi(Mx+Qz—1); =0

is equivalent to the logical disjunction
z; =0 or (Mx+Qz—r1); =0.

Hence, every feasible solution of the original SLCC must satisfy one comple-
mentarity branch for every index ¢ € Z,..
For every binary vector

§=(51,...,0,) € {0,1}*,

we define the following LP feasibility problem associated with one complete
complementarity pattern:

min 0 (40a)
st. Mx+Qz>r, z,z2>0,
Ax + Bz = b,

x;, =0 if 6, =0, {=1,...,s,
(Mzx+Qz—r1);, =0 if§ =1, {=1,...,s.

Since every feasible SLCC solution must satisfy exactly one admissible
complementarity branch at each violated index, the original SLCC is feasible
if and only if at least one problem (40) is feasible.

This immediately yields the following result.

Proposition 4.6 If the original SLCC is feasible, then there exists a binary
vector
6 e {0,1}/ 7+l

such that the corresponding branch problem (40) is feasible. If all branch prob-
lems (40) are infeasible, then the original SLCC is infeasible.

The proof follows the same arguments as the proof of Proposition 3.9 for
LCPs, we thus omit the details here.

We remark that Proposition 4.6 provides a theoretical guarantee for infea-
sibility detection. In the worst case, this procedure may require solving up to
217+ LP feasibility problems. For computational consideration, we apply the
recursive disjunctive search only after a relatively small active set Z, has been
identified by P-ReCR-SLCC.

Now we describe the detailed Step 2 to check the feasibility of the under-
lying SLCC.

Step 2. Final Output and Feasibility Check

Step 2.1 If (*)/(Ma* + Qz* —r) < e or |Z| = 0, then
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Output (z*,2*) = (2, 2*) as a feasible solution to the SLCC;
Step 2.3 Else
For each ¢ € {0, 1}/Z+!
Solve problem (40) associated with the branch pattern d;
If problem (40) is feasible then
Output the corresponding feasible solution;
End if
End For
If all the branch problems (40) are infeasible then
The original SLCC is infeasible;
End if
Step 2.4 End If

4.2 Rectified Convex Quadratic Relaxation for SLCCs

We next extend ReQR from LCPs to SLCCs. For this, consider the QO (38).
Let w = (z; z). Then the objective in (38) can be written as

p(z,2) = 3w H w — v H w — 1"z,

2

where HT, H~ = 0 are obtained from the eigenvalue decomposition (EVD) of
the matrix
M+ M Q e
H = { o 0] , HTH™ =0.

At each iteration we linearize the concave part —%wTH ~w around the current
iterate and solve the following convex QO

min ' Htw - (w N H=w — Tz (41a)
st. Mx+Qz>r, Axr+Bz=0b, xz,2>0. (41b)

Now we are ready to describe the ReQR for SLCC.

Rectified Quadratic Relaxation for SLCC

Input: M,Q, A, B,r,b, tolerance ¢ > 0, maximum iterations K;
Step 0. Initialization

Step 0.1. Compute H+, H~ using the EVD of H;

Step 0.2. Set k = 0;

Step 0.3. Solve model (32) with ¢¥ = 1,c% = 0 for w* = (2F; 2¥);
Step 1. Solving process

Step 1.1. Update k = k + 1;

Step 1.2. Solve 41 using w*~!; obtain w* = (z*, 2*);

Step 1.3. If ||(z*, 2F) — (xF~1, 2F=1)|| > ¢, go to Step 1.1;
Step 2. Output (z*,2%) := (2%, 2*) and check feasibility.
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The convergence of the ReQR-SLCC follows a similar vein as that of the
standard DC programming framework [30, 34]. Thus, we summarize only the
theoretical result and omit the detailed proof here.

Theorem 4.7 Suppose that the QO subproblem at every iteration of ReQR
is solved exactly with ¢ = 0 and Assumption 4.1 holds. Then the sequence
{xF 2%} generated by ReQR is bounded and converges to a stationary point of
problem (38).

As with the ReCR methods for LCPs in Section 3, P-ReCR for SLCCs is
a first-order-type method and may struggle to find highly accurate solutions
of the associated bilinear reformulation. To address this issue, we adopt the
strategy used in H-ReCR for LCPs: switch to ReQR once a good approximate
solution of the SLCC has been identified. We call the resulting method hybrid
ReCR (H-ReCR) for SLCCs. Since the new H-ReCR for SLCCs follows a
similar process as H-ReCR for LCPs, we omit the detailed steps here.

5 Numerical Experiments

In this section, we numerically examine the performance of the proposed ReCR
approaches, H-ReCR and ReQR, on a variety of LCP and SLCC instances. All
computations were carried out using PYTHON on GOOGLE COLAB with high-
memory configurations. The LO/QO subproblems in the ReCR approaches
were solved using the GUROBI optimizer under an academic license. The tol-
erance for all tests was set to € = 1076, with parameters # = 0.1, 7 = 10, and
maximum iterations K = 101.

5.1 Numerical Experiments on LCPs

In this subsection, we evaluate the performance of H-ReCR and ReQR on
three sets of benchmark LCP instances. The experimental study consists of
three parts. First, we test the reliability and robustness of H-ReCR and ReQR
on 10 LCP instances in small scale from the literature, and compare the new
ReCR approaches with several existing LCP solvers, including Lemke’s piv-
oting algorithm [35, 36], the path solver [18] and the path-following method
for the non-smooth equation system formulated using the Fischer—Burmeister
(FB) function [19, 21]. Particularly, the path solver developed by Ferris and
Munson [18] has been recognized as the most successful solver for comple-
mentary problems. Second, we test the scalability of ReCR approaches on
large-scale LCP instances with structured sparse matrix M and simple all-1
vector r from the literature. Third, we test the performance of H-ReCR and
ReQR on 4 types of synthetic LCP instances generated in this work.

5.1.1 Reliability and Robustness Test on Small-scale LCP Instances

In this subsection, we first list ten small-scale LCP instances collected from
the literature and then report the reliability and robustness test results for
H-ReCR and ReQR, as well as several popular existing LCP solvers.
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LCPs P1-P7 [23]. These seven LCP instances are from [23, Chapter 10]. For
self-completeness, we list all these instances here.
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LCP P10 [15].

00 0 12 2
00 —-1-12 1
M10= 0-10 —-11 s 10 = -7
1-1-1 00 -2
21 0 00 1

All the above instances are small-scale problems with different structured
matrices and vectors, and they are used to test the reliability and robustness
of different approaches for LCPs.

The results of the reliability and robustness test are summarized in Ta-
ble 1, where we list the number of iterations (Iter), and a success indicator
(S/F), where “S” denotes that the algorithm successfully computed a solution
satisfying the complementarity condition 27 (Mz — r) < ¢, and “F” indicates
failure to meet this criterion.

Table 1 Reliability and robustness test on LCP solvers

ReQR  H-ReCR  PATH Lemke FB
P n Iter S/F Iter S/F Iter S/F Iter S/F Iter S/F
P1 2 0 S 0 S 0 S 1 S 4 S
P2 16 0 S 0 S 0 S 31 S 11 F
P3 3 1 S 0 S 4 S 4 S 27 S
P4 4 0 S 0 S 0 S 1 F 11 S
P5 4 1 S 3 S 5 S 4 S 24 S
P6 4 1 S 2 S 7 S 5 S 27 F
P7 11 1 S 1 S 21 S 9 F 8 F
P8 3 0 S 0 S 0 S 0 S 1 S
P9 3 0 S 0 S 0 S 0 S 1 S
P10 5 0 S 0 S 2 S 1 F 24 F

As shown in Table 1, both ReQR and H-ReCR successfully compute ap-
proximate feasible solutions for all benchmark instances (P1-P10), consistently
satisfying the complementarity conditions within the prescribed tolerance. In
many cases, the reported number of iterations is zero, indicating that the so-
lution obtained from the initial convex relaxation already satisfies the comple-
mentarity conditions without requiring further refinement. For the remaining
instances, only one or a few additional iterations are needed, highlighting the
effectiveness of the rectification mechanism in correcting any residual comple-
mentarity violation.

In contrast, the classical approaches considered in Table 1 exhibit less con-
sistent behavior. While Lemke’s algorithm performs well on several instances,
it fails on some problems (e.g., P4, P7 and P10), reflecting its sensitivity
to problem structure. Similarly, the Fischer—-Burmeister (FB) based approach
show multiple failures, particularly on instances indefinite matrices. The PATH
solver, although robust in terms of feasibility and successfully solving all in-
stances, generally requires a significantly larger number of iterations, especially
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on more complex problems such as P5-P7, indicating higher computational
effort compared to the proposed approaches. These observations demonstrate
clearly that compared with existing approaches for LCPs, the proposed ReCR
approaches are more reliable, robust and scalable.

5.1.2 Scalability Test on Structured Large-scale LCP Instances

In this subsection, we first list four large-scale LCP instances collected from the
literature and then report the scalability test results for ReQR, H-ReCR and
the PATH solver [18]. The matrices in these four instances are structured and
sparse, and r is the all-ones vector. Therefore, we can extend these instances
to high-dimensional settings, e.g., n = 1000, 5000, 10000, 15000, 20000, 25000,
30000 and 40000, to assess the scalability of the ReCR approaches.

LCP P11 [1].
4-20 ---0
14 -2 0
M11: 01 4 N r11 = e.
9
0---0 1 4
LCPs P12-P13 [25].
4 -10 ---0
10 -1---0
M12: 0 —-10 N T12 = €.
SRR |
0 0 -.----11
M13:diag(%, %, ey 1), 13 = €.
LCP P1j [}1].
122 ...2
012 ...2
Miy=]001 " 1], 14 = €.
SN
00---01

The results of the scalability test for these four LCP instances are summa-
rized in Table 2. For each method, we report the number of iterations (Iter),
the CPU time in seconds, and a success indicator (S/F), where “S” denotes
that the algorithm successfully computed a solution satisfying the comple-
mentarity condition 7 (Mxz —r) < ¢, and “F” indicates failure to meet this
criterion. For larger instances, the entries marked by “-” indicate that the
PATH solver terminated due to memory or runtime limitations. We also use
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Table 2 Scalability test of ReQR and H-ReCR on large-scale LCP instances.

ReQR H-ReCR PATH
P n Iter CPU (s) S/F TIter CPU (s) S/F Iter CPU (s) S/F
P11 1000 0 0.0192 S 0 0.0117 S 0 0.0174 S
P11 5000 0 0.2136 S 0 0.2173 S 0 0.4166 S
P11 10000 0 0.6686 S 0 0.7497 S 0 2.5413 S
P11 15000 0 1.4079 S 0 1.4152 S - - -
P11 20000 0 2.5331 S 0 2.5427 S - - -
P11 25000 0 3.7836 S 0 3.8207 S
P11 30000 0 5.3860 S 0 5.4804 S - - -
P11 40000 0 9.5597 S 0 9.6625 S - - -
P12 1000 0 0.0183 S 0 0.0187 S 0 0.0016 S
P12 5000 0 0.2092 S 0 0.2350 S 0 0.0071 S
P12 10000 0 0.6734 S 0 0.6776 S 0 0.0141 S
P12 15000 0 1.3991 S 0 1.4204 S
P12 20000 0 2.5440 S 0 2.5426 S - - -
P12 25000 0 3.7637 S 0 3.8404 S - -
P12 30000 0 5.4719 S 0 5.4457 S - -
P12 40000 0 9.5454 S 0 9.6419 S - -
P13 1000 0 0.0177 S 0 0.0170 S 0 0.0043 S
P13 5000 0 0.2162 S 0 0.2107 S 0 0.0321 S
P13 10000 0 0.6898 S 0 0.7083 S 0 1.4029 S
P13 15000 0 1.4183 S 0 1.4183 S - - -
P13 20000 0 2.6285 S 0 2.5751 S - - -
P13 25000 0 3.7791 S 0 3.8312 S - - -
P13 30000 0 5.4631 S 0 5.4483 S - - -
P13 40000 0 9.6123 S 0 9.6734 S - -
P14 1000 0 0.0170 S 0 0.0263 S 0 0.0018 S
P14 5000 0 0.2096 S 0 0.2172 S 0 0.0561 S
P14 10000 0 0.6996 S 0 0.6829 S 0 1.7105 S
P14 15000 0 1.4107 S 0 1.4242 S - - -
P14 20000 0 2.5698 S 0 2.5732 S - - -
P14 25000 0 3.7668 S 0 3.8297 S - - -
P14 30000 0 5.3806 S 0 5.4877 S - - -
P14 40000 0 19.4633 S 0 9.7303 S - - -

— indicates solver terminated due to memory or runtime limitations (PATH failure).

Figure 1 to visualize the growth behavior of the CPU time used by H-ReCR
and ReQR to solve these instances.

The scalability results reported in Table 2 further confirm the efficiency and
robustness of the proposed methods on large-scale structured LCP instances
(P11-P14). For all tested problem sizes up to n = 40000, both ReQR and H-
ReCR successfully obtain feasible solutions. A notable feature of these results
is that the number of iterations remains equal to zero across all instances. This
indicates that, for these structured problems, the initial solution obtained from
ReCR approaches already satisfies the complementarity conditions within the
required tolerance. In other words, no additional refinement phase is needed,
and the algorithms effectively solve the LCP in a single step. For comparison,
the PATH solver is able to solve the smaller instances efficiently; however,
for larger problem sizes it terminates prematurely due to memory or runtime
limitations, as indicated by “~” in Table 2.
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Fig. 1 Average wall-clock time of ReQR and H-ReCR for structured large-scale LCP in-
stances P11-P14 as a function of dimension n.

Overall, the results in Tables 1 and 2 suggest that the proposed ReCR ap-
proaches are reliable, robust and efficient on these benchmark instances. They
perform consistently on the small-scale benchmark set and scale effectively to
large structured problem sizes with minimal computational effort.

5.1.3 Test on Synthetic LCPs

In this subsection, we generate three different types of synthetic LCP instances
and test the performance of H-ReCR, ReQR and PATH on these synthetic
LCP instances.

(1) Scaled LCPs with positive diagonal matriz (P15). We first generate sym-
metric LCPs with M = AT A, where both the matrix A and the vector r are
generated from random distributions such as uniform or normal distributions.
This ensures the resulting LCP has a convex solution set, denoted by Xpcp.
Then a positive diagonal scaling matrix D = diag (dy, ds, - - - ,dy,) is introduced
to make DM indefinite while preserving the original solution. For example,
we can first select some 2 x 2 submatrix defined by
M, = (:Zl, :ZZ) g MM & MM

Then, we carefully select the scaling elements d; and d; so that the scaled
submatrix is indefinite. By applying such a scaling technique to multiple sub-

matrices, we obtain a scaled matrix DM that is indefinite. The new LCP is
constructed by

x>0, DMz >Dr, 27(DMx— Dr)=0.
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From the above construction process, we can see that the new LCP has the
same convex solution set as that of the original LCP.

For each dimension n € {100,500, 1000}, five instances are generated and
the results are averaged. The results are reported in Table 3.

Table 3 Performance of ReQR, H-ReCR and PATH on LCPs (P15)

ReQR H-ReCR PATH
P n Iter CPU (s) S/F TIter CPU (s) S/F TIter CPU (s) S/F
P15 100 10.2 0.88 S 12.0 0.77 S 5 0.0067 S

P15 500 27.6 74.65 S 14.6 42.47 S 12 0.1768 S
P15 1000 38.6 733.20 S 19.8  410.96 S 11 1.1148 S

The performance results reported in Table 3 summarize the behavior of
ReQR, H-ReCR and the PATH solver on feasible random convex LCP in-
stances (P15). All three methods successfully solve the problem for all tested
dimensions, indicating that this class of instances is well-posed and numerically
stable. A clear trend observed from the table is the growth of computational
cost with respect to the problem dimension. Both ReQR and H-ReCR exhibit
a significant increase in CPU time as n increases from 100 to 1000, reflecting
the increased cost of solving the underlying linear and quadratic subproblems.
In contrast, the PATH solver remains considerably faster across all instances.
One possible explanation is that in both H-ReCR and ReQR, we simply resort
to the off-shelf solver to solve the LO/QO subproblems, and did not explore
the inherent relationships between the subproblems in two consecutive itera-
tions to speed up the process. In comparison, PATH uses pivot rules or the
solution of a linear equation system to update the sequence.

Comparing the two proposed ReCR methods, H-ReCR consistently out-
performs ReQR in terms of both iteration count and CPU time. The hybrid
strategy effectively reduces the number of iterations required to reach a solu-
tion, leading to substantial computational savings, particularly for larger prob-
lem sizes. For example, at n = 1000, H-ReCR reduces the iteration count by
nearly half and achieves a significantly lower CPU time compared to ReQR.
This demonstrates the advantage of combining global and local refinement
strategies in the ReCR framework.

Another important observation is that the number of iterations for both
ReQR and H-ReCR remains moderate and grows relatively slowly with the
problem size. This suggests that the proposed methods maintain stable con-
vergence behavior even as the dimension increases, despite the noticeable in-
crease in per-iteration computational cost. Overall, the results indicate that
while PATH is highly efficient for this class of convex LCPs, the proposed
ReCR approaches, particularly H-ReCR, provide a competitive and robust
alternative.
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(II) Structured infeasible LCPs (P16). We now discuss how to construct in-
feasible LCP instances that have a feasible relaxation model (3) by following
a similar structure as in Example 3.1. For this, we first divide the index set Z
into two subsets based on some specific integer (e.g., igp = K < n/2).

IOZ{iGIZiSio}, j,-OZI\IQ
Then we choose a vector r satisfying the following inequalities:
> <o, ri > 0,Vi € I, (42)
i€Zy

Next we randomly generate a submatrix My . consisting of the first K rows of
the matrix M such that the summation of every column in the submatrix is
nonnegative, i.e.,

K
> my >0V €L (43)
i=1
Next we generate K submatrices My .,k = 1,---, K corresponding to the
index sets Zp,k =1, - - , K satisfying the following equality

K
STl =n-K.
k=1

Each submatrix Mj, . will have some hidden structure similar to that in Exam-
ple (3.1). For convenience, we can further divide it into two sub-submatrices
Mo and Mj, respectively, where

Mo = (mij), i€ Zy,j € Lo, My, = (my;), i€ Iy, j € Io.

We further require that for every k € {1,--- , K}, the submatrix My has only
one column with nonzero elements, e.g., all the elements in the k-th column
of My equal 1. Consequentially, we have

Mk’:{E:{Ek-i-Mk.’f, i:(xK+1,xK+2,~-- ,xK+n).

Then we choose a submatrix M, ,i“b of M, corresponding to a subset I,i“b of 7,
such that the summation of every column in M;" is nonpositive, i.e.,

> mi; <0, Vie . (44)
J€Zo
Since all the LCP instances derived from the above process follow a similar
structure as Example (3.1), therefore, these LCP instances are all infeasible.
For each dimension n € {100,500, 1000}, five infeasible instances are gen-
erated and the results are averaged. The results are summarized in Table 4.
The results reported in Table 4 indicate that both ReQR and H-ReCR. suc-
cessfully terminate on all tested problem sizes, demonstrating stable numerical
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Table 4 Performance of ReQR, H-ReCR and PATH on LCPs (P16)

ReQR H-ReCR PATH
P n Iter CPU (s) S/F TIter CPU (s) S/F TIter CPU (s) S/F

P16 100 3.6 0.15 S 8.8 0.17 S 0 0.000061 U
P16 500 1.2 0.39 S 9.6 1.05 S 0 0.000104 U
P16 1000 1.0 0.95 S 13.4 4.43 S 0 0.000179 U

behavior for this class of instances. In contrast, the PATH solver returns an
undecided status (U) for all cases, as it did not return an infeasibility cer-
tificate under the tested settings. Therefore, while PATH terminates almost
instantaneously with zero reported iterations, it does not provide a conclusive
feasibility /infeasibility certificate for these instances.

A notable observation is the difference in computational effort among the
methods. PATH consistently reports negligible CPU time, reflecting its highly
optimized implementation; however, this performance should be interpreted
together with the absence of a definitive feasibility /infeasibility conclusion. In
contrast, both ReQR and H-ReCR require a moderate number of iterations
and higher CPU time, with the computational cost increasing as the problem
size grows. This is expected, as the proposed methods rely on solving linear
and quadratic subproblems at each iteration.

Comparing the two proposed approaches, ReQR generally requires fewer
iterations and less CPU time than H-ReCR for these instances. This suggests
that, for the P16 class, the local refinement strategy in ReQR is already effec-
tive, and the additional global refinement phase in H-ReCR does not provide
further computational advantage. Nevertheless, H-ReCR maintains stable per-
formance and converges reliably across all tested dimensions.

(III) Scaled LCPs with indefinite diagonal matriz (P17). In this part we gen-
erate feasible symmetric LCPs with positive semidefinite matrices that have
convex solution sets. Let 2* be a feasible solution to the symmetric LCP. Next,
we carefully assign negative values to some elements of the scaling matrix. For
example, if (Mx*); = r; for some index i, we can choose d; < 0 and replace
the i-th constraint in the original LCP by d;(Mx — r); > 0. Note that the
new LCP constructed in this way may no longer have a convex solution set,
as illustrated by the following example:

11)1
The above LCP has a unique solution (z7,z3) = (1,0). We can construct a
new LCP as follows:

o= (315

One can easily see that the above LCP has two different solutions: (1,0) and
(0,0).

), >0, Mz —r >0, 27 (Mz—7r)=0.

>, x>0, Mx —r >0, IT(M.Z‘—T):O,
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For each dimension n € {100,500,1000}, 5 instances are generated using
the above procedures, and the reported results correspond to averaged perfor-
mance. The results are presented in Table 5.

Table 5 Performance of ReQR, H-ReCR and PATH on LCPs (P17)

ReQR H-ReCR PATH
P n Iter CPU (s) S/F TIter CPU (s) S/F TIter CPU (s) S/F
P17 100 25.6 1.95 F 21.4 1.48 S 81 0.2086 F

P17 500 50.8 166.04 F 13.4 48.04 S 27 5.1934 F
P17 1000 50.0 1647.84 F 15.2  485.27 S 39  36.7491 F

From Table 5, we observe that H-ReCR successfully obtains feasible solu-
tions for all the tested instances, whereas both ReQR and the PATH solver fail
to do so. This behavior is consistent with the theoretical construction of P17,
where the introduction of negative scaling factors may destroy the convexity
of the solution set and lead to nonconvex or disconnected feasible regions. In
such settings, purely local refinement methods such as ReQR may be trapped
in a local solution and fail to locate a global solution. Classical solvers such
as PATH, which usually rely on local information at the current iterate, may
also struggle to escape the local trap.

In terms of computational performance, the PATH solver remains relatively
fast but fails to produce valid solutions across all instances. Similarly, ReQR
requires more iterations and more CPU time, but still fails to find a feasible
solution. In contrast, H-ReCR consistently succeeds and requires significantly
fewer iterations and lower CPU time compared with ReQR. For example, when
n = 500 and n = 1000, H-ReCR successfully finds a feasible solution within
about one-third of the CPU time used by ReQR.

Overall, the results suggest that the P17 instances represent a challenging
subclass of feasible LCPs with a nonconvex solution set. While classical and
local methods fail to identify valid solutions on these generated instances, the
proposed H-ReCR approach exhibits strong robustness and reliability.

5.2 Numerical Experiments on SLCCs

In this subsection, we investigate the reliability and scalability of the proposed
H-ReCR-SLCC and ReQR-SLCC algorithms and compare with the PATH
solver on several types of synthetically generated SLCC instances. The bench-
mark problems are constructed using problem structures motivated by the
affine variational inequality (AVI) formulations in [8], together with additional
structured perturbation and infeasibility constructions designed to generate
challenging complementarity geometries.

The benchmark includes three types of SLCC instances from the litera-
ture, the friction-contact problems, AVIs over compact sets, and the Nash
equilibrium problems [8], as well as two additional types of SLCC instances
generated in this work that are either infeasible or have nonconvex solution set.
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The benchmark library includes a broad range of structured and challenging
SLCC instances, including convex, weakly nonconvex, nonconvex and infeasi-
ble instances, which facilitates a comprehensive evaluation of the reliability,
scalability and infeasibility-detection capability of the proposed algorithms
across diverse structures.

For each type and each dimension n € {100, 500, 1000}, five representative
instances were generated, and the average performance of the tested algorithms
is reported.

We next describe the generation of three classes of SLCC instances based
on the AVI formulation studied in [8]. Since these constructions closely follow
the framework in [8], we summarize only the main features of each class and
omit implementation details.

(IV) Friction-contact problems (P18). The P18 benchmark problem is derived
from the friction-contact AVI formulation, where the contact-force variables
are modeled through complementarity conditions and auxiliary variables are
introduced through linear coupling constraints. Following the construction in
[8], we generate sparse banded matrices together with planted feasible solutions
to obtain scalable feasible SLCC instances. The number of variables is m =
6 +nand the dimensionality of the matrices is p = 6 +n. The numerical results
are summarized in Table 6.

Table 6 Performance of ReQR, H-ReCR and PATH on SLCCs (P18)

ReQR H-ReCR PATH
P n Tter CPU (s) S/F TIter CPU(s) S/F TIter CPU(s) S/F
P18 100 0.0 0.02360 S 0.0 0.02280 2.0 0.00495

S S
P18 500 11.0 35.50380 S 53.0 133.54710 S 5.0 0.22107 S
P18 1000 101.0 6408.82510 F 13.0 103.93340 S 133.0 154.34871 F

As shown in Table 6, all three methods successfully solve the small-scale
SLCC instances with n = 100. In this case, the reported CPU times are
very small, and both ReQR and H-ReCR require essentially no additional
refinement beyond initialization. The PATH solver also performs efficiently on
this instance with only a few iterations and negligible runtime.

For the medium-sized instance with n = 500, all three methods still suc-
ceed, but the computational behavior becomes noticeably different. ReQR re-
quires fewer iterations and less CPU time than H-ReCR on this instance, indi-
cating that the local refinement phase of ReQR remains effective on moderate-
scale friction-contact problems. However, PATH substantially outperforms both
proposed approaches in terms of CPU time, solving the instance in only a frac-
tion of a second.

For the largest instance with n = 1000, the behavior of the methods di-
verges significantly. ReQR fails to find a solution meeting the termination
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criterion despite taking more than 100 iterations and a much longer computa-
tional time. Similarly, the PATH solver also fails on this instance after taking
more than 100 iterations. In contrast, H-ReCR successfully computes a fea-
sible SLCC solution within 13 iterations and a shorter CPU time than both
ReQR and PATH. These results demonstrate the robustness of H-ReCR on
large-scale and more challenging friction-contact-inspired SLCC instances.

Overall, the numerical results on P18 indicate that all methods perform
well on small-scale and medium-scale instances, with PATH being the most
efficient. However, when the problem size increases to n = 1000, both ReQR
and PATH fail to find a feasible solution to the underlying SLCC, while H-
ReCR successfully finds one.

(V) AVIs over compact sets (P19). The P19 benchmark problem is derived
from compact-set AVI formulations, where bounded box constraints are rep-
resented through auxiliary slack variables in SLCC form. Following [8], we
generate scalable feasible instances using indefinite matrix scaling together
with planted feasible solutions satisfying the compact constraints. The dimen-
sions are set as m = n = p. The computational results are summarized in

Table 7.

Table 7 Performance of ReQR, H-ReCR and PATH on SLCCs (P19)

ReQR H-ReCR PATH
P n Tter CPU (s) S/F Iter CPU (s) S/F TIter CPU (s) S/F

P19 100 5.0 0.88610 S 7.0 0.95150 S 6.0 0.00546 S
P19 500 34.0 209.44300 S 9.0 37.22830 S 11.0 0.31223 S
P19 1000 49.0 2364.67600 S 18.0 619.23400 S 11.0 1.62766 S

As shown in Table 7, all three methods, ReQR, H-ReCR and PATH, suc-
cessfully solve all SLCC instances in P19. For the small-scale instances with
n = 100, both ReQR and H-ReCR are competitive with PATH in terms of
CPU time. However, as the problem size increases, the difference between
ReQR and H-ReCR becomes significantly more pronounced. For n = 500, H-
ReCR requires substantially fewer iterations and much less CPU time than
ReQR, while PATH remains the most efficient method among the three meth-
ods for P19.

This performance gap becomes even more significant for the case n = 1000.
Although all three methods successfully find feasible SLCC solutions, ReQR
takes more iterations and uses much longer CPU time than the other two meth-
ods. Both H-ReCR and PATH are scalable on these instances, while PATH
remains the most efficient method. Overall, the results on P19 show that all
three methods are capable of reliably addressing this class of SLCC instances.
Among the proposed approaches, H-ReCR consistently exhibits superior scal-
ability and computational efficiency compared with ReQR on medium- and
large-scale problems.
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(VI) Nash equilibrium problems (P20). The P20 benchmark problem is based
on Nash equilibrium formulations whose optimality conditions admit an AVI
and SLCC representation. Following the structured constructions in [8], we
generate block-structured positive definite player matrices together with weak
inter-player couplings and feasible planted solutions. The number of auxiliary
variables and the number of coupling constraints are defined by m = n/10 and
p = n/10, respectively. The computational results are listed in Table 8.

Table 8 Performance of ReQR, H-ReCR and PATH on SLCCs (P20)

ReQR H-ReCR PATH
P n Iter CPU (s) S/F Iter CPU (s) S/F Tter CPU (s) S/F

P20 100 1.0 0.37660 S 3.0 0.05770 S 6.0 0.00130 S
P20 500 1.0 0.56120 S 7.0  1.09950 S 6.0 0.00901 S
P20 1000 1.0 2.32930 S 7.0 5.23780 S 8.0 0.02674 S

As shown in Table 8, all three methods, ReQR, H-ReCR and PATH, suc-
cessfully solve all SLCC instances in P20. It should be pointed out that every
instance in P20 has a unique solution due to the positive definite matrix in-
volved in the quadratic objective function for every player. This is consistent
with the numerical results in Table 8, as ReQR converges extremely rapidly on
all tested instances and requires only one iteration for all the instances within
a short CPU time.

The H-ReCR method also successfully solves all tested instances and re-
mains computationally efficient across all problem sizes. Although H-ReCR
requires more iterations than ReQR on this benchmark class, the total com-
putational effort remains moderate even for the largest instance with n = 1000.
This indicates that the hybrid refinement framework remains stable and scal-
able on structured convex game-theoretic SLCCs. Again, PATH remains the
most efficient method for P20.

(VII) Scaled SLCCs with indefinite diagonal matriz (P21). We next describe
how to generate synthetic SLCC instances that may have a nonconvex solution
set and evaluate the performance of the three methods on this class of SLCCs,
denoted by P21. The construction of the instances in P21 follows a process
similar to the generation of synthetic LCPs P17, where we use a diagonal
scaling matrix with some negative diagonal entries to preserve feasibility while
potentially producing a nonconvex solution set. This makes this benchmark
class more challenging to address.

To construct the benchmark instances, we first choose the problem size
n and select the number of auxiliary variables and the number of coupling
constraints according to m = [n/5] and p = [n/10]. Next we follow the
construction process in [8] to generate an SLCC instance with a symmetric
positive definite matrix M and a known unique solution denoted by (z*, z*).
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Let
Ii:{iel:x,’f>0}.
We next select a subset Ii of the above index set and use the selected subset
to construct a diagonal matrix
-1, ieZi,

D = diag(dy,...,dy), here d; =
gld ) v {1, otherwise.

We then replace the complementary constraints in the original SLCC by the
following new constraints:
DMz + Qz) > Dr, e 'D(Mz+Qz —1) =0.

The planted point (z*, z*) remains feasible for the scaled SLCC, so the new
SLCC is feasible. Like the LCP instances in P17, the solution set of the new
SLCC may be nonconvex. The numerical results for P21 are summarized in
Table 9.

Table 9 Performance of ReQR, H-ReCR and PATH on SLCCs (P21)

ReQR H-ReCR PATH
P n Iter CPU (s) S/F TIter CPU(s) S/F TIter CPU (s) S/F

P21 100 32.0 5.63118 F 4.0 0.12008 S 109 0.28518 F
P21 500 101.0 870.02632 F 14.0  74.88307 S 114 12.23437 F
P21 1000 101.0 6408.82510 F 13.0 604.38266 S 149 107.60681 F

As shown in Table 9, the SLCC instances in P21 are more challenging to
solve. Both ReQR and PATH fail on all tested instances in P21, and H-ReCR
is the only tested method able to find a feasible solution to all these instances.
This illustrates the robustness of H-ReCR on this class of generated instances.

(VIII) Infeasible SLCC instances (P22). We next describe how to generate
synthetic SLCCs that are infeasible but with a feasible relaxation model, and
evaluate the performance of three methods on these infeasible SLCC instances.
These benchmark problems are constructed to evaluate the capability of the
proposed methods to detect the infeasibility of the underlying SLCC for which
no feasible solutions exist. The construction of these infeasible SLCC instances
follows a similar process like the infeasible LCP instances (P16). For self-
completeness, we describe the process below.

To generate these infeasible SLCC instances, we first choose the size n,
and select the number of auxiliary variables and the number of coupling con-
straints according to m = [n/5] and p = [n/10]. Next, we generate a random
feasible SLCC structure before applying a structured infeasibility perturba-
tion. The matrices My € R™" @y € R"*™ A € RP*" and B € RP*™
are generated independently with entries sampled from the standard normal
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distribution N'(0,1). A feasible solution pair (z*, z*) is then generated using
randomized sparsity patterns. Specifically, each component of x* is indepen-
dently activated with probability p, = 0.5, and the active entries are sampled
independently from the uniform distribution on [0.1,1.0]. The auxiliary vector
z* € R™ is generated with entries sampled independently from the uniform
distribution on [0, 1]. Let Zy = {i : 2 > 0} denote the support set of the gen-
erated complementarity variables. A subset Z; C Zj is then selected randomly.
These indices are subsequently used to construct conflicting complementarity
conditions that destroy feasibility of the SLCC system.

To construct the linear coupling constraints, the first row of the matrix A

is modified so that
1, je1I,
A =
17 {0’

otherwise,

while the first row of B is set to zero. The equality vector is then defined by b =
Ax*+ Bz*, which guarantees consistency with the originally generated feasible
point prior to the infeasibility perturbation. A nonnegative slack vector wgy €
R™ is then constructed such that (wp); = 0 whenever ¥ > 0, and otherwise
(wg); = 0.1+&; with & ~ Unif]0, 1]. The preliminary right-hand side vector is
then defined by ro = Myx*+Qoz* —wp. To enforce infeasibility, we perturb the
rows associated with the index set Z; by replacing the corresponding rows of
My and Qo with strictly positive coefficients. More precisely, for every i € 73,
we set

(Mo)s,. = |(Mo)s,.| +1, (Qo)i,: = [(Qo)i,:| + 1,

and simultaneously assign (rp); = —1. This perturbation generates a conflict-
ing system in which the complementarity conditions cannot be simultaneously
satisfied while preserving nonnegativity of the variables. Consequently, the
resulting SLCC instance becomes infeasible.

Finally, to further diversify the problem geometry, we apply a positive
diagonal scaling transformation. Specifically, we generate a diagonal matrix
D = diag(ds, . ..,d,), where each scaling coefficient is sampled independently
from the uniform distribution on [0.2, 3.0]. The final SLCC matrices are then
defined by

M:DM(), Q:DQQ, T:DT().

The resulting SLCC instances form a challenging class of infeasible SLCC
instances with dense matrices and deliberately conflicting complementarity
constraints. These problems are useful for evaluating the robustness of the
proposed methods in identifying infeasibility and handling difficult comple-
mentarity structures in large-scale SLCC formulations. The average computa-
tional results is reported in Table 10.

As shown in Table 10, both ReQR and H-ReCR successfully detect the
infeasibility of all the SLCC instances in P22. This shows that the proposed
procedure for feasibility check is capable of reliably detecting the infeasibility
of these infeasible SLCC instances. In contrast, the PATH solver did not return
an infeasibility certificate under the tested settings.
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Table 10 Performance of ReQR, H-ReCR and PATH on SLCCs (P22)

ReQR H-ReCR PATH
P n Tter CPU (s) S/F TIter CPU (s) S/F TIter CPU (s) S/F

P22 100 29.0 3.89049 S 57.0 3.18922 S 97 0.62272 F
P22 500 101.0  458.23897 S 101.0 437.68681 S 119  18.45452 F
P22 1000 101.0 3413.67647 S 101.0  3206.27877 S 95 204.65930 F

With a close look, we find that for SLCC instances with n = 100, ReQR
uses fewer iterations and slightly longer CPU time to detect infeasibility than
H-ReCR. However, as the problem size increases, both methods require inten-
sive computational effort to detect infeasibility. For instances with n = 500 or
n = 1000, the number of iterations reaches the maximum number of iterations
used in ReCR, and the corresponding CPU time also becomes much longer
due to the process of obtaining an infeasibility certificate. Nevertheless, both
methods still successfully generate valid infeasibility certificates, demonstrat-
ing strong robustness in handling infeasible SLCCs. These results highlight
a distinction between the proposed methods and classical solvers for SLCCs:
the proposed ReCR framework can provide an infeasibility certificate when
the underlying SLCC instance is infeasible.

6 Conclusions

In this paper, we introduced a relaxation-rectification framework (ReCR) for
SLCCs based on the new universal relaxation theory that allows us to recast
the problem of determining the feasibility of an SLCC as an equivalent bilinear
optimization problem. We explored the resulting bilinear model and derived
necessary and sufficient optimality conditions for its global solutions. Using
these theoretical insights, we developed several ReCR approaches aimed at
finding solutions of the associated bilinear reformulation. We established con-
vergence properties of the proposed ReCR approaches under stated assump-
tions and evaluated their performance on SLCC instances from the literature
and on synthetic instances. The theoretical analysis and numerical results sug-
gest that the proposed ReCR approaches are reliable, robust, and scalable on
the tested instances and can handle both feasible and infeasible SLCCs.

The ReCR framework provides a reliable approach for SLCCs and also
suggests new directions for other classes of structured nonconvex optimization
problems. Several issues regarding the framework require further investiga-
tion. One direction is to improve the computational efficiency of the ReCR
methods. In principle, both P-ReCR and PD-ReCR can be viewed as first-
order-type methods, as only an LO subproblem needs to be solved at each
iteration. Since these LO subproblems share the same constraint set and differ
only in the objective function, it would be useful to investigate warm-starting
techniques and related strategies for accelerating the solution process. More-
over, from a theoretical perspective, it would be useful to investigate whether
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an infeasibility certificate can be derived directly when ReCR terminates at a
point that does not satisfy the SLCC complementarity conditions.

Another direction is to extend ReCR approaches to other systems involv-
ing linear constraints and nonconvex restrictions, such as systems with binary
variables and linear constraints (SBLCs) and systems with linear and conic
complementarity constraints (SL3Cs). The SLCC model considered in this pa-
per includes SBLCs as a special case. However, in the SBLC case, the relevant
matrix is M = —1I,, so the corresponding QO reformulation involves minimiz-
ing a concave function over a polyhedral set, which can lead to many local
minimizers. This structure can affect the performance of ReCR methods for
SBLCs, as observed in our preliminary study [4]. Addressing this issue requires
a problem-specific relaxation theory for SBLCs and rectification functions tai-
lored to their structure. Consequently, new theoretical analysis is needed to
study the convergence behavior of the resulting ReCR methods. We leave a
detailed investigation of these directions to future works [4, 5].

Finally, our broader goal is to develop trustworthy and explainable ap-
proaches for structured nonconvex optimization problems, and this work rep-
resents an initial step in that direction. The SL3C model provides a unified
framework for optimization problems in which the objective and constraint
functions are linear or quadratic. It also covers certain nonlinear optimization
problems, such as k-means clustering. For certain minimization problems, the
first ReCR iteration may provide a lower bound on the optimal value of the
original problem. On the other hand, when ReCR also produces a feasible so-
lution, its objective value provides an upper bound. These bounds can then be
combined with classical search techniques to compute approximate solutions
of the original optimization problem. Another possibility is to reformulate the
underlying problem as an equivalent SL3C and design ReCR methods for the
resulting system; Encouraging preliminary progress in this direction has been
reported in [3]. It may also be possible to develop ReCR approaches for poly-
nomial optimization based on semidefinite relaxations. Further study is needed
to explore these possibilities.
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